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Abstract 
For the design of impact sports products, for instance, the golfclub, the efficiency of the energy transmission from impacting 
body to the impacted body is an important factor. A so-called concept of impedance matching has been proposed for this purpose. 
According to this theory, the coefficient of restitution reaches to the maximum when the first natural frequency of the impacting 
body is corresponding to that of the impacted body. However, it is derived based on a pair model of spring-mass system with a 
few degrees of freedom, and it is not clear in two or three dimensional problems and the boundary conditions. In this research, 
the impedance matching in Multi-dimensional problems is verified numerically. It is found that the number of eigen frequencies 
that should be taken into account increases as the number of dimensions increases. An approach is proposed for the optimal 
design of impact problem to maximize the coefficient of restitution. The basis vector method is applied to optimization process, 
and the basis vectors are created with the sensitivity functions of eigen values. 
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1. Instruction 
For the optimization problem of the impact, a so-called impedance matching theory was proposed [1]. According 
to that study, the coefficient of restitution reach to the maximum value when the first natural frequency of impacting 
body takes the same value as that of the impacted body. In that study, the impact phenomenon is simulated as a 
model of spring-mass-damper system with a few degrees of freedom. When this theory is applied to the optimal 
design of the golf club, it is necessary to consider the following two problems. 1st, this theory is not clear in two or 
three dimensional problems since the deformation of contact surface cannot be taken into account in a one 
dimensional model. Whether is this theory applicable in two or three dimensional problem or not? And 2nd, how to 
decide the boundary conditions to calculate the natural frequencies of impacting body and impacted body? In past 
research, two kinds of boundary condition are considered [2]: fixing the impacting and impacted body at contact 
surface; or treating both the bodies as free. The former is based on the view that two objects under impact carry out 
the same behavior as the case when contact part is fixed. Therefore, in such conditions, if the natural frequency of a 
ball and a club head become the same, the restitution performance reaches the maximum. The latter is based on the 
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view that two objects under impact carry out the same behavior as the case when contact surface is free. Therefore, 
in such conditions, if the natural frequency of a ball and a club head is the same, the restitution performance reaches 
the maximum.  
In order to find the indicator to the optimization of the golf clubhead, in this research, the impedance matching in 
the Multi-dimensional problems is verified numerically, and the boundary condition is also discussed.  
2. Numerical Examinations  
As shown in Fig. 1, the examinations of relation between restitution characteristic and eigen frequencies are 
performed with 1 dimensional model, 2 dimensional model and 3 dimensions model, respectively. Consider a body 
with an initial velocity of 40 m/s collides to another stationary body. For the sake of convenience, the impacting 
body is called “club”, and the impacted body is called “ball” blow. Numerical analyses are performed by LS-DYNA 
which is a kind of general purpose finite element software. 
 
(a)                                                          (b)                                                                             (c)  
   
 
 
 
 
 
 
 
 
Fig. 1. (a) 1 dimensional model ; (b) 2 dimensional model ; (c) 3 dimensional model  
2.1. Examinations with 1 Dimensional Model 
 Young’s modulus of theclub is changed from 1 to 30GPa. Fig. 2(a) shows the relation between initial velocity 
of the ball and Young's modulus of the club. It can be found that initial velocity is the maximum when Young's 
modulus is about 4GPa. Fig. 2(b) shows the first natural frequency to the Young's modulus of the club in the case of 
free boundary. In this case, the natural frequency of the ball and a club are almost the same when Young's modulus 
is about 4GPa. These results are corresponding to the impedance matching well. There is no difference between the 
using of free boundary condition and the fixed boundary condition. It is because that, for one dimensional uniform 
beams, the Young’s moduli at the cross point of the natural frequency of club and ball are the same in both cases. 
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Fig.2. (a) Relation between initial velocity and Young's modulus; (b) first natural frequency to Young's modulus in the 
case of free boundary condition 
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2.2.  Examinations with 2 Dimensional Model 
Young’s modulus of the plate club is changed from 3 to 100GPa. Fig. 3(a) shows the relation between initial 
velocity of the ball and Young's modulus of the club. It can be found that initial velocity is the maximum, when 
Young's modulus is about 30GPa. 
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 Fig. 3. (a) Relation between initial velocity and Young's modulus; (b)first natural frequency to Young'smodulus 
in the case of free boundary condition 
Fig. 3(b) shows the first natural frequency in the case of free boundary with the variation of Young's modulus. In 
the case of a free boundary condition, the natural frequency of the ball and the club are almost the same when 
Young's modulus is about 30GPa. It is corresponding to the impedance matching well. On the other hand, in the 
case of fixed boundary condition, Young's modulus is about 10GPa at the cross point of the natural frequency of a 
ball and a club. It is far from the point of the maximum initial velocity. 
2.3. Examinations with 3 Dimensional Model 
  Young’s modulus of the club is changed from 11 to 330GPa. Fig. 4 shows the relation between initial velocity 
of the ball and Young's modulus of the club. It can be found that initial velocity reaches the maximum when 
Young's modulus is about 120GPa. Fig. 5 shows the first natural frequency in the case of (a) free boundary, and (b) 
fixing the contact surface. In the case of free boundary, the Young’s modulus at the cross point of the natural 
frequency of club and ball is about 90GPa. In the case of fixed boundary, the Young’s modulus at the cross point of 
the natural frequency of club and ball is about 60GPa. It is confirmed that, the position of the peak of initial velocity 
swerve from the cross points in both cases, and, the gap of the fixed boundary is larger than that of the free 
boundary. The reason can be considered as follows. As the number of dimensions increases, the number of natural 
frequencies excited by impact increases. As the result, the contribution of the first natural frequency decreases. This 
fact suggest that, when we consider the optimization of an impact problem, it is necessary to take into consideration 
not only the primary natural frequency but also the high order natural frequencies. 
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 Fig. 4. Relation between initial velocity and Young's modulus 
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Fig. 5. The first natural frequency in the case of (a) free boundary, and (b) fixing the contact surface 
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3. Shape Optimization of 3 Dimensional Problems 
Since the sensitivity function is difficult to be derived analytically in impact problem, the authors have 
developed a system to the shape optimization of golf clubhead with the use of the basis vector method [3]. Based on 
the results of numerical examinations above, we propose a new approach to create the basis vectors for the shape 
optimization of 3 dimensional problems. 
3.1. Basis vector method 
In the basis vector method, the change of the grid’s locations C' , that is, the shape variation is calculated as a 
linear combination of perturbation vectors, each weighted with its respective design variable ),,2,1( Nii  D . 
The perturbation vector is the difference between a basis vector ),,2,1( Nii  C   and the original locations of 
grids . That is  0C
 
                                                                                                                                                                              (1) 
 
Where N is the number of basis vectors, which is usually smaller than degrees of freedom of design in order to 
reduce the computation time.  
3.2. Formulation of maximization of release velocity 
Consider a shape optimization problem of maximizing the release velocity v of the ball with a constraint on the 
volume m of the head. Since the impact problem is a nonlinear problem, we cannot obtain the optimal solution by 
one cycle of optimization analysis. Assuming that the shape variation is small enough in one cycle of optimization, 
we can get the approximate linear relations between  ),,2,1( Nii  D  and the variation of v, m as following. 
 
                                                                          
(2) 
 
Where iv'  denotes the change of objective function, and im'  denotes the change of head volume, while the 
original shape changes to the ith basis vector. The optimization problem can be stated as 
 
find   Nii ,,2,1,  D  
maximize     v'                                                            (3) 
subjected to    0 m'  
 
Using Lagrange multipliers method, ),,2,1( Nii  D is obtained as 
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Where  is used to control the length of one step, and to guarantee a unique solution. 100 !$ /  , 2/  are Lagrange 
multiplies. Using the weight coefficient ),,2,1( Nii  D  , the shape is modified as Eq.(1) for one cycle. The 
shape is modified until the object function is convergent. 
3.3. Generation of basis vectors using sensitivity functions of eigen value 
The generation of basis vectors for a 3 dimensional surface, such as a golf club-head, is a complex and time 
consuming process. In this study, based on the results of numerical examinations above, we propose an approach 
using sensitivity functions of eigen values to create the basis vectors for thickness optimization problem of a 3 
dimensional surface. The sensitivity function of rth eigen values can be derived as [4] 
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Where  is the rth eigen vector, and  is the eigen value. )(ru )(rO
The procedure to create basis vectors is: 
1) Undertake a modal analysis of design domain and select some of the eigenmodes. 
2) Calculate the sensitivity functions of eigen values as the perturbation vector. 
3) Exchange the perturbation vectors to the basis vectors of thickness variation.   
 
3.4. Analysis and result 
The analysis model is the same with 3 dimensional model in chapter 2 (see Fig.1 (a)). The Young's modulus of 
the club is set to 120GB which is the peak point of the coefficient of restitution. The design variable is the thickness 
distribution of the plate. About 15 eigenmodes are selected to generate the basis vectors, and some of them are 
shown in Fig. 6. Fig. 7 shows the optimized thickness distribution of the plate after 33 iterations. The thickness 
distribution of the plate is expressed by the color. It is found that the center area becomes thin and the outer area 
becomes thick. The initial velocity of the ball increases by about 2.4% with the mass constraint satisfying.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Examples of eigenmodes of plate used to create basis vectors of thickness 
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Fig. 7. Thickness distribution of optimized plate 
Iteration Number = 0 Iteration Number = 15 Iteration Number = 33 
4. Conclusions 
The conclusions can be summarized as follows: 
(1)  There is a strong correlation between the first nature frequency and the restitution performance in the impact 
problem. However, as the number of dimension increases, the contribution rate of the first nature frequency 
decreases. It is necessary to take high order natural frequencies into consideration. 
(2) To consider the impedance matching, the calculation of natural frequencies with free boundary condition is 
better thanthat with fixing the contact area. 
(3) An approach is proposed for the optimal design of 3 dimensional problems to maximize the coefficient of 
restitution. The basis vector method is applied to optimization process, and the basis vectors are created with the 
sensitivity function of eigen values. A numerical example is used to show the effectiveness of this approach. 
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